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Abstract 
An upper bound on the number of F,-rational points on a pure (n - l)-dimensional algebraic 
set of low degree defined over F, in P(F,) is given, using simple counting arguments, and the 
result is generalized to all degrees using results from coding theory. The bound depends on 
n, q, d, where d is the degree of the algebraic set. A number of corollaries are deduced and 
applications to coding theory are mentioned. 
1. Introduction 
1.1. Notation 
Fs: finite field with q elements. q=p’, p a prime. F: = F,\(O). 
F,CX,, XI, . . . , X,]: the ring of polynomials in X,,, X1, . . . , X, with coefficients 
in Fq. 
~qCX,,X,,..., X,]“: the set of polynomials in Xo, X1, . . . , X, with coefficients in 
F,, and of degree v. 
F,JXo,Xi,..., X,],: the set of homogeneous polynomials in X,,, X1, . . . , X, with 
coefficients in Fp. 
F,CX,, X1, . . . . X,];: the set of homogeneous polynomials in X,,, X1,. . . , X, with 
coefficients in Fq and of degree v. 
A”(F,): the m-dimensional affine space over F,( = Fy). 
P”(F,J: the m-dimensional projective space over Fq. 
If F(X)=CCioil ,,. i,X$Xi,l ...Xk is a polynomial in F,[X,, X,, . . . ,X,1, denote by 
F?(X) the reduced form of F(X), i.e. the polynomial you get by replacing any factor 
X:, where tj=a(q - l)+ b, 0 <b <q - 1, with Xg in any term (i.e. reducing modulo 
X4 - Xj). 
If M G Fq [X0, . . . , X,] is any set of polynomials, denote by M the corresponding set 
of reduced polynomials. 
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If fYXbF,CX,, Xl, .*-, X,] and PEP~(FJ then F(P) means F evaluated in some 
representative (a0 : a, : . . . :a,) for P. Therefore F(P) is in general dependent on the 
choice of representative for P. The standard representation for projective points 
is of the form (0: . . . : 0 : 1 : uj: . . . : a,), i.e. zeros to the left and the first nonzero element 1. 
Unless explicitly stated a projective point is in some arbitrary, but fixed representation. 
An algebraic set XEP” is defined over Fq if the homogenous polynomials defining X 
areinF,[x,,x,,..., x,]. A point P is a F,-rational point if the coordinates of P are in F4. 
An algebraic set Xc P” has pure dimension s if all its irreducible components are of 
dimension s. An algebraic set X E P” of pure dimension n - 1 is defined by a single 
polynomial F, i.e. X=Z(F)= {PeP”I F(P)=O}, and X has degree d if the homogenous 
polynomial F defining X has degree d. 
Unless stated otherwise all projective spaces, points, algebraic sets, linear subspaces, 
etc. are defined over F4. 
Z(F),4 denotes the algebraic set of zeros of F in P”(F,) (resp. A”+‘(FJ), i.e. 
Z(F)F4= {PEP” 1 F(P)=O} (resp. {PEA~+~(FJ 1 F(P)=O}). 
1.2. Subspaces in finite projective geometry 
Denote by $(r, n, q) the number of r-dimensional linear subspaces of P”(F,) and by 
~(s, r, n, q) the number of r-dimensional linear subspaces through a fixed s-dimen- 
sional linear subspace in P”(F,). This notation follows [3], where you also find the 
following well-known formulas: 
II+1 
~(r n q)=‘- rr (qi- l) 1-n rti 
3 3 r+1 
’ iG (d-1) 
~(s, r, n, q) = i=‘,--“,+ ’
iG (qi- 1) 
and easily deduced connections: 
x(s, r, n, 4)=W---- 1, n-s- L4), 
n-r+1 
4(r14d=qqr+l__11 &--1,n,q), 
O(r,.,4)=~~(‘;“-l,q), 
4 n+l -1 
4(r, n, 4)=7 4 _1 W-Ln-Lq), 
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Let XC P” be a hypersurface (i.e. an (n - 1)-dimensional smooth, absolutely irredu- 
cible algebraic set) defined over F,, and let Ni denote the number of F,.-rational 
points on X. Assume X has degree d, i.e. X=Z(F), where FeF,[x,, x1, . . . , x,] and 
deg(F)=d. Define the zeta function [(X, F,J(t)={(t) by 
The Weil conjecture, cf. [4], is the following theorem. 
Theorem 1.1. With X and c(t) as abooe 
i f0 n even, i(t)= n;=,l (I-qit) 1 (1) 
f(t) n;:,’ (1 -q’t) n odd, 
where f(t)EZ[t], f(t) = ni= 1 (1 -@it) with r=[(d-l)/d]((d-l)“-(-1)“) and 
(Riemann hypothesis) ( Xi I= q’“- 1)‘2 (as a complex number). 
Corollary 1.2 (The generalized Weil bound). With notarion as above 
iiv-;g (qiyi <rq(n-l)i/2. 
Proof. Taking logarithmic derivative of (1) 
n-1 
Ni= 1 (q’)‘+(-l)“+l i !x;. 
j=O j= 1 
Now Iq(=q(n-1)/2 and the triangle inequality gives 
i~i-:~ (q’)‘l~~q’“-““‘. 0 
For n=2 we get the following corollary. 
Corollary 1.3. Zf X = Z(F)z P2 is a plane smooth, absolutely irreducible algebraic curve 
of degree d (i.e. deg(F)=d) defined over Fp, then 
lNi-(1+qi)l<(d-l)(d-2)(q”2)‘. 
This is a special case of Theorem 1.1 (Corollary 
following theorem. 
1.2). It is also a special case of the 
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Theorem 1.4 (Weil [7]). If X E P” is a smooth, absolutely irreducible curve (i.e. of 
dimension 1) defined over Fp and of genus g then 
f(t) 
i@)=(l -t)(l -qt) 
withf(t)EZ[t],f(t)=n~J!t (1 -a,t) and lxil=ql’* (Riemann hypothesis). 
The Weil bound for curves is given by the following corollary. 
Corollary 1.5 [Weil [7]). Let X be as in Theorem 1.4. Then 
INi-(l+q’)I~22g(q”*)‘. 
Remark. It is known that the bound of Corollary 1.5 for many genus g is not the best 
possible. Serre shows several improvements [S]. Here we mention one. 
Corollary 1.6 (Serre [S]). Let X be as in Theorem 1.4. Then 
INi-(l+qi)l~gg12(q1’*)‘J. 
where Lx J denotes the integer part of x. 
Corollary 1.7. If X = Z(F) is a hypersurface in P”(F,) of degree d and is defined over F, 
with the maximal number of rational points w.r.t. the Weil bound (Corollary 1.2) then 
( 4 2n-l q”-1 / r< --~ q2-1 q-l ) // (q’“~‘“*+qn-l). 
Proof. Use that 
n-1 
Ni= c (qi)j+(-ly+l i ,xf, I+q(n-1)/2 
j=O j=l 
and, for N 1 maximal, we have Mj = ( - l).+ 1 q(“- ‘)/*. Then czj’ = q”- ’ and the inequality 
N, dN2 gives the result. 0 
Corollary 1.8 (Serre [S]). Zf X =Z(F) is a plane smooth, absolutely irreducible curve of 
degree d and genus g, defined over F4, with the maximal number of rational points w.r.t. 
the Weil bound (Corollary 1.3), then 
g&q-V6 
Proof. Follows from Corollary 1.7 for n = 2. 0 
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2. The number of rational points on codimension-1 algebraic set 
in P” of low degree 
Theorem 2.1. Let X E P”(F,) be a pure (n - 1)-dimensional algebraic set, dejined over F4, 
and of degree d. Then 
4 
n-l -1 
IXIF,<dq”-l+~, 
q-l 
where IXIFQ denotes the number of F,-rational points on X. 
Proof. The case n=2: Now X=Z(F)={PEP’(F,)IF(P)=O, F~F,[x,,,x~,x~]) 
where F is homogenous of degree d. 
Suppose that F has no linear factors over F4; i.e. Z(F) contain no F,-line 
components. 
Let kf=((P,l)JP~Xnl, I F,-line in P’(F,)). Obviously IMI=IX1,~(1-t-q), since 
any point is on 1 +q different F,-lines. Now Bezout’s theorem tells that any of the 
4(1,2, q)= 1 +q+q2 F,-lines can meet X in at most d different points (remember no 
F,-line components). Therefore, 
IXIFJ +d<dU +q+q2), 
i.e. 
lXIFq~d 1 +q 
l+q+qzcdq+ d 
l+q’ 
This proves the theorem for d < 1 +q (= c$(O, 1,q)). For d > 1 +q the theorem is 
trivial, since dq+ 1 > 1 +q +q2 (= # F,-rational points in P*). 
Now assume that F has F,-linear factors. Pick a F,-rational point P on one of these 
lines. Let t (1 <t d d) be the number of different F,-lines through P which appear as 
a factor in F (counted without multiplicity). These t lines contribute with tq+ 1 to 
jXIF,. Any of the (q + 1 -t) other Fq-lines through P (which does not factorize F) 
intersect X in at most d - t other points (Bezout). Therefore we get an upper estimate: 
IXl,~~tq+l+(q+l-tt)(d-t), 
i.e. 
IXl,<dq+l+(d-t)(l-t)<dq+l. 
This proves the theorem for n=2. 
The general statement follows from an induction argument on n: 
Assume 
II- 1 
IX’(~g<dq”‘-l+q ,_;’ 
for all pure (n’ - 1)-dimensional algebraic sets, X’, in P”‘(F,) of degree d with n’ -C n. 
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Let X=uXi, where Xi are the absolutely irreducible components of 
X(dim(XJ = n - 1). 
(1) If no component Xi is contained in any F,-hyperplane H, the argument goes like 
this: 
Let 
M x,p={(P, I)IPEX~I, 1 a F,-line in P”(F,)}. 
Then 
Consider X’ = X n H = u (Xi n N). X’ will be a pure (n -2)-dimensional algebraic 
set of degree d contained in H. By induction we know 
4 
n-2 -1 
IX’I+dq”-2+~ 
q-l 
and therefore 
x(0, 1, n- 134). 
Summation over all F,-hyperplanes H in P”(F,) and using Lemma 1.1 gives 
i.e. 
dq”-2 ; 4 
n-2 
--’ 
q-1 
i.e. 
fZ+t 
lWx,/4~~ m-3, n-2,4) 
i.e. 
n+1 
lMx,~l++ 
i.e. 
n-1 
I Mx,pl< dq”-‘+’ + e-2, n--1,4) 
when d<q+ 1. 
Since IMx,pnl=lXIF~~(O, l,n,q)=lXIF,+(n-2, n-l, q) the theorem follows. 
For d>,q+l we have 
dq”-‘+’ “-1-12q”+‘-1 
q--l q--l 
(= # F,-rational points in P”) and the theorem is trivial. 
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(2) If there is a hyperplane such that a component of X is contained in H, the 
hyperplane H is a component itself. 
Now suppose X=X1 u H, where X, consists of absolutely irreducible components, 
no one contained in any F,-hyperplane, and H a F,-hyperplane (i.e. the situation with 
exactly one hyperplane as a component). Then X1 has degree (d- 1). 
Choose a F,-rational point P on H\(HnXI). (If this is impossible, (Xl,= IX1 IF, 
and we are in the case (1)) 
The q”-’ F,-lines through P in P”\H meets Xi in at most (d- 1) points (Bezout). 
Therefore from 
we get 
IXlF*<(d- l)q”_1 +s=dy”-1 +c$ 
(3) Suppose X=X’uHIuH,v~~~uH,, i.e. X consists of k F,-hyperplanes 
H 1, . . . , Hr and X’ (X’ a degree (d-k) component like in case (1)). Then X’ has 
a contribution less than or equal to (d - k)q”- ’ +(q”-1 - l)/(q - 1) to 1 XJF, and joining 
the hyperplane HI the argument of case (2) tells that 
II-1 
IX’uH,I~~~(d-k+l)q”-‘+~, 
and joining another hyperplane Hi for i > 1 will increase the right-hand side of (2) by 
4 “-I at most, since 
(H, nHil~~=~= l+q+...+q”-2. 
Therefore 
n-l 
IXl~~~(d-k)q”-‘+~+kq”l, 
and the degree increases by 1 for every new hyperplane joined, and the theorem 
fo1lows. 0 
Remark. d (n- 1)-dimensional linear flats defined over Fq in P”(F,) through a com- 
mon (n-2)-dimensional linear flats is a (n - l)-dimensional algebraic set with 
F,-rational points. 
This configuration shows that the bound is exact. 
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Corollary 2.2. Zf X=Z(F) is a smooth, absolutely irreducible plane curve of degree 
d with the maximal number of points w.r.t. the Weil bound and q is a square then 
d6&+1. 
Proof. A direct comparison of Corollary 1.7 and Theorem 2.1 gives 
dq+l<l+q+$(d-l)(d-2)L2,/& 
i.e. 
d>,/&2. 
Therefore, we only have to exclude the case d = & + 2. 
Through any F,-rational point on X there is at least one F,-line 1 such that the 
intersection multiplicity Zp(l, X) > 1 (choose 1 as the tangentline in P). Counting pairs 
(P, 1) in two different ways now gives the inequality 
since any point P on X contributes with at least one (P, 1) such that IP(l, X)> 1 and 
therefore on the right-hand side we loose at least IX IF, many pairs (P, 1). We finally get 
lXl+d 
l+q+q2 
q+2 . 
Let d=&+2 and compact with the Weil bound (Corollary 1.7) 
i.e. 
J&9&+%. 
This is true and therefore d = & + 2 cannot give maximal curves. 0 
Example. The Hermitian curve XS,’ 1 +X5’ ’ +X;’ ’ = 0 over Fq, q = s2 has the maxi- 
mal number of F,-rational points w.r.t. Hasse-Weil bound, i.e. (s3 + 1). This shows that 
the bound in Corollary 2.2 cannot be sharpened. 
Remark. Corollary 1.9 states that for g >(q -&)/2 the Weil bound is not the best 
possible. For smooth, absolutely irreducible plane curves, this is precisely the same 
condition stated in Corollary 2.2. 
Corollary 2.3. If X=2(F) is a hypersurface in P”(F,) of degree d and is defined 
over Fq, q a square, with the maximal number of rational points w.r.t. the Weil bound 
(Corollary 1.3) then 
d<&+ 1. 
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Proof. This is just a generalization of Corollary 2.2. From Theorem 2.1 we know 
and from the Weil bound 
IXIFqd q--l e+y ((d- l)“-(- l)“)(Jp. 
Simple calculations show that for d = & + 1 we have 
n-l 
~+~((d-‘)“-l-l)“)(,,@l<dq”-l+~ 
but for d=&+2 we have (for n>2) 
n-1 
~+~((d-l).i-~)“)(&)“l>dq”-l+=$. 0 
Example. The Hermitian hypersurface XS,’ ’ + X;’ ’ + . . . + Xf,’ 1 = 0 over F4, q = s2 
has (s” + 1 +( - l)“)(s”-( - l)“)/(s2 - 1) F,-rational points and this is maximal w.r.t. the 
Weil bound. This shows that Corollary 2.3 cannot be sharpened. 
3. The number of rational points on codimension-1 algebraic set in P” 
Lemma 3.1. Let F(X)E[X~, X 
F(Iy)=O. 
1, . . . , X.1. Assume F(P)=O,for all PGA”+‘(F,). Then 
Proof. (By induction n) 
(~70) ~(X)=CCi~X~,Odi~dq-l. If F(P)=O, VPeA’(F,), then F(X)=O, since 
deg(F)<q- 1. 
@‘=a) Consider @(X)=~c,i...i,X$‘X~ -..Xk, O<ij<q-1, c~~~~...~,EF~. Now
assume -p(P)=0 for all PgA”+‘(F,) and fix one variable, XO=w,,, and we 
have ‘(X’)=~(X)I,,=,,=Cc;,...i,Xi,l -..X$, O<ij<q-1, c:l...i,EFq, where 
cfl...i,=CiOCiOi ,.._ SW3. 
BY induction F(X)=0 since F^(P’)=O for all P’EA”(F,), i.e. O=C~,...~,=~C~~,...~,W~ 
for all wOEF~ and therefore ciail . ..i.=O (since i,,<q- 1). 0 
Lemma 3.2. Let F(X)EF,[X,,X, ,... ,X,,],,. Assume F(P)=O,for all J-%P”(FJ for 
some arbitrary representation of P. 7len F^(X)=O. 
Proof. If F(P)=O, for all PEP”(FJ, then F(Q)=O, for all QeA”+‘(F,J and Lemma 3.1 
gives the result. 0 
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Lemma 3.3. Let F(X)EF,[X,, X1, . . . , X,]Y, and H(;Y)EF,[X,,, X1, . . . , X,];. Assume 
F(P)=O, for all PEZ(H)~,. Then there exists F”(X)EF,[X,, X,, . . . , X.1; such that 
Z(F),=Z(F), and F=HG for u G(X)EF,[X,, x,, . . . , x,];-~. 
Proof. Assume w.1.o.g. that H=Xo. Let F(X)=X,F,(X)+F,(_X), where X0 is not 
a factor of F,(X). Then by Lemma 3.2 F^(X)(,,=,=F^,(X)=O such that 
F(X)=X,Ft(X) and homogenization w.r.t. X, now yields F”(X). 0 
Lemma 3.4. Let P=(O:O:...:~:W~+~:...:~,)EP”(F,), O<j<n. For any S, 
0 < s < q - 1, the polynomials 
j- 1 
_F;(X)=Xj n (X~-l-X~-‘) fi (Xq-'-(Xi-WiXj)q-l) 
i=O i=j+l 
are indicator functions for P of degree d = s mod q- 1. The (q”+ ’ - l)/(q - 1) poly- 
nomials F$(X)form a basisfor F,[X,, Xl, . . . , XJ:, the set of homogenous polynomials 
of degree d in reduced form, and any HcF,[Xo, Xl . . . , X,1$, is uniquely written as 
H(X)= 1 W’)F^W). 
PEPn(FJ 
(3) 
Proof. Note 
6(Q) = 
1 if Q=P, 
0 if Q#P, 
and p;(X) is homogenous of degree n(q - l)+s ES mod (4 - 1). Clearly these indi- 
cator functions are linearly independent and any HEF, [X0, X1, . . . , X,]: can be 
written as in (3). Uniqueness follows from Lemma 3.2. q 
Lemma 3.5. Assume some arbitrary but fixed representation of P”(F,). Let 
F(XW,CXo,X1,..., X,] and QEP”(F,J. Assume F(X) has degree d <n(q- 1) and 
F(P)=Ofor all PEP”\(Q~. Then F(Q)=O. 
Proof. Assume F(Q) #O. Then nfl will be an indicator function for Q, 1= F(Q)-‘, and 
by Lemma 3.4 ;I@=&(%) for some s, O<s<q- 1. Now deg(fi$(X))>n(q- 1) and we 
have a contradiction. 0 
Theorem 3.6. Let F(Xl ,..., X&F,[X,, . . . . X,]“, v<n(q-1), v=r(q-l)+s, 
0 ds <q- 1, and let lZ(F)rqI denote the number of zeros of F in A”(F,). Then 
IZ(FkJ=q’ 
or 
IZ(F)+q”-(q-s)q”-r-l. 
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Proof. Consider the primitive generalized Reed-Muller code C,(n, q) over Fq of order 
v and length q”: 
C,(n,q)={(F(O),F(P,),...,F(P,,-,))IF(X,,...,X”) 
EF~CXI, . . , X,1, deg(F)dv} 
where PiEA” runs through A”(F,)\{Q} for i= 1, . . . , q”- 1. 
Let HC,(n, q) denote C,(n, q) shortened (the first coordinate F(Q) removed), i.e. 
where Pi=(ail, . . . . E,)EA”(Fq) runs through /(F,)\(Q) for i= 1, . . . , q”- 1. 
From coding theory it is well-known that HC,(n, q) is (equivalent to) a cyclic code 
over Fq. 
Let w,(j) denote the q-weight ofj, i.e. w,(j)=c,“_,ji forj=C,z,j,qi,ji>O, if c( is 
a primitive element in Fqm. 
The following characterization of the cyclic code HC,(n, q) is also well-known: 
The roots of HC,(n, q) considered as a cyclic code are r.xj if and only if 
O<w,(j)<m(q-1)-v-l (or cl-jiff wq(j)>v+l). 
Using the BCH-bound on HC,(n, q), it is easy to show that the minimum distance of 
C,(n, q) is given by 
d=(q-s)q”_‘-1, 
where v=r(q- l)+s, O<s<q- 1. 0 
See [1] for further details on these facts from coding theory. 
Theorem 3.7. Let F(XO ,..., XJEFJX,, ,..., X& V-l~n(q-l), V-l=r(q-l)+s, 
0 d s < q - 1, and let 1 Z(F)F4 1 denote the number of zeros of F in F”(F,). Then 
,Z(F),,=s. 
or 
Proof. (By induction on n) 
(n=l) Thendeg(F)=s+l,O<s<q-l,andonP’(F,)Fhasatmosts+l zeros:If 
P, =(O : 1) is zero of F, then F(l: Xl) has degree less than or equal to s in X1. 
(n’=n) Assume the theorem correct for all n’<n. Let F be of degree v where 
v-1dn(q-l),v-1=r(q-1)+s,O~s~q-1.ConsiderX=Z(F)~~~~P”(F,),thealge- 
braic set of zeros of F. 
(0) If v=n(q- l)+ 1 then the theorem is trivial. 
(1) If v-l=(n-l)(q-l)+s, O<s<q-1: Assume that IP”(F,)\XI=t<q-s, and set 
JV’,)\X={P,, Pz, . . . , I’,>. Then it is easy to construct a polynomial F’ of 
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degree < n(q - 1) such that Z(F’)Fq= P”(FJ\ {P} in contradiction to Lemma 3.5. Set 
F’=F.G1..... G,_ i where Gi are linear forms corresponding to hyperplanes through 
Pi and not containing any Pj, j # i. One is left, say P,, and F’(P,) # 0). We conclude that 
IP”(F,)\XI aq-s. 
(2) If v<(n- l)(q- 1): 
(a) Assume X contains no hyperplanes. 
Then by induction we have that for all F,-hyperplanes H 
IXnHl<~-(q-s)q”-‘-“, 
i.e. 
IH\(XnH)12(q-s)q”-‘-2. 
Counting pairs (P, H), P@P”(F,)\X)nH, H a F,-hyperplane is two different ways 
gives 
Ip”\xl Y”-l>q”+‘-- -,q--l(4-s)4”-‘-2 
q-1 
since (q” - l)/(q - 1) is the number of F,-hyperplanes in P”(F,) through a fixed point 
and (q"+ ’ - l)/(q- 1) is the number of F,-hyperplanes in P”(F,). Relation (4) gives 
IP”\Xl2(q--s)q”-‘-’ 
and we are done. 
(b) Assume that X contains hyperplanes. Then by Lemma 3.3, we can assume w.1.o.g. that 
X=X’uH, for H a F,-hyperplane, X’nH=@, and deg(X’)=v’=v-1. Then 
IXl=lX’\(x’nH)I+IH(. 
Since X’\(X’n H)sF”(F,), we use Theorem 3.6 on the affine algebraic set 
X’\(X’nH) of degree v’=v-l=r(q-l)+s, i.e. 
IX’\(X’nH)I<q”-(q-s)q”-‘-‘. (5) 
Adding IHI to (5) we get 
This proves the theorem. 0 
Remark. The bound of Theorem 3.7 is exact and a homogenous polynomial of degree 
v with the maximal number of zeros you have f.ex. in the following manner: 
Let v-l=r(q-l)+s; O<s<q-1. 
The form of the polynomial will (modulo linear transformations) be 
F(X)=Xo ir (Xf-l-X”,-‘) ~ (~jXo-X,+l), 
i=l j=l 
where li # J.1 for i #j and li # 0. 
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It is easy to see that F has zeros at all points except those on the form 
(l:O:...:O:a,+l:...:a,),wherea,+l#Aj,j=l ,..., sanda,~F,fort=r+2 ,..., m. We 
see that there is exactly (q-s)q”-‘-’ such points. 
Theorem 3.8. With notation as in Theorem 2.1, suppose the degree of X is d, and 
let r,sEZ+u{O} be uniquely given by (d-l)=r(q-l)+s, O<s<q-1. Assume 
d-l<n(q-1). Then 
1x1 <f=+-s)q”.-l, F, ’ 
or 
(2) 
Proof. Follows from Theorem 3.7. 0 
Remark. This is a generalization of Theorem 2.1 for d > q + 1 (where Theorem 2.1 just 
gives a trivial bound) and the exact upper bounds correspond to a system of r+ 1 
families of hyperplanes: one family with q hyperplanes intersecting in a common 
(n-2)-dimensional flat, r - 1 families each containing q - 1 hyperplanes intersecting in 
a common (n-2)-dimensional flat in such a way that family i (i> 1) intersect the 
complement of the union of families 1,2, . . . , i- 1 (i.e. a (n-i+ 1)-dimensional flat 
‘minus’ a (n - i)-dimensional flat) in q - 1 other (n - i)-dimensional flats such that these 
q (n - i)-dimensional flats intersect in a common (n - r - 1)-dimensional flat. The last 
family consists of a hyperplanes intersecting the (n - r)-dimensional flat in a common 
(n-r - 1)-dimensional flat. 
4. Applications 
Theorem 3.7 has application in coding theory through the fact that it provides an 
estimate for the minimum distance for a class of codes which are presented in another 
paper PI. 
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